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Abst rac t - - In  this paper, we use the upper and lower solutions method to show that there exists 
a A*, such that the nonlinear functional difference quation of the form 
x(n + 1) = a(~z)x(n) +Ah(n)f(x(n - -  v(n))), n E Z, 
has at least one positive T-periodic solutions for A E (0, A*] and does not have any positive T-periodic 
solutions for A > A*, where a(n), h(n), and ~-(n) are T-periodic functions. @ 2004 Elsevier Ltd. All 
rights reserved. 
Keywords - -Pos i t i ve  periodic solution, Difference quation, Upper and lower solutions. 
1. INTRODUCTION 
Recently, the existence of positive periodic solutions of difference quations have been studied 
extensively [1-7]. However, few papers have been published on the existence and nonexistence 
of periodic solutions of difference quations depending on a parameter. In this paper, we axe 
concerned with the following nonlinear functional difference quation: 
x(n+ 1) = a(n)x(n) +Ah(n)f(x(n - r (n ) ) ) ,  n e Z, (1.1) 
where a(n), h(n), and ~-(n) are T-periodic, r > 1 and A > 0 axe constants, a(n) and h(n) 
are positive with 0 < a(n) < 1 for all n E [0, T - 1] := {0 ,1 , . . . ,T  - 1}, and the function 
f : R --* (0, oc) is continuous. 
Our purpose of this paper is by using the upper and lower solutions method [8], to study the 
existence and nonexistence of positive periodic solutions of (1.1) when the parameter A varies, 
that is, we shall show that there exists a A*, such that equation (1.1) has at least one positive 
T-periodic solution for A C (0, A*] and does not have any positive T-periodic solutions for A > A*. 
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Our motivation comes from [7] on the existence of positive periodic solutions by a fixed-point 
theorem, our method is based on the upper and lower solutions method [8]. 
In what follows, we shall denote by R the real numbers, by Z ~he integers, by N the nonnega- 
tive integers, and by _1{ + the positive real numbers. Given a < b in Z, set [a, b] := {a, a + 1, . . . ,  b}. 
Moreover, we denote the product of y(n) from n a to n b by b : = ~In=~ y(n) with the under- 
b standing that YI~=~ y(n) = 1 for all a > b. 
2. SOME PREPARATION 
Let X be the set of all real T-periodic sequences, endowed with the norm 
I lxl l= max l~(~)l, 
ne[0,T-1] 
then X is a Banaeh space. The following result is very useful in the proof of our main result. 
LEMMA 2.1. (See [7].) x(n) E X is a solution of equation (1.1) if and only if 
where 
n+T-1  
x(n) = A E a(n ,u)h(u) f (x (u -  T(u))), (2.1) 
n+T-1  
F[ a(s) 
C(n,u)  = ~=~+1 ~+T-1  ' u ~ [~,  n + T - 1]. (2 .2 )  
i -  I] a(s) 
8-~-n 
Note that the denominator in G(n, u) is not zero since 0 < a(n) < 1 for n c [0, T - 1]. For the 
same reason, we have  
P = G(n, n) << G(n, u) <_ G(n, n + T - 1) = G(0, T - 1) -= Q, 
for n < u < n+T-  1, and 
G(n, u) 
1> 
- G(n ,n+T-  1) 
Define two cones by 
and 
respectively, where ~ = P/Q. 
> G(n ,n+T-  1) = Q > 0. 
K = {y e X :  ~(n) > 0, ~ e Z} 
L : {y e X :  y(~) > ~IlYt[, ~ e Z}, 
Define a mapping A : X -~ X by 
n+T-1  
(Ax)(n) = A ~ a(n ,u)h(u) f (x (u -  T(u))). 
LEMMA 2.2. A : X -~ X is completely continuous. 
PROOF. We first show that A is continuous. Since f : T/ -~ R + is continuous, for any 6 > 0, 
there exists a 6 > 0, such that ¢ ,~ c X with I]¢ -¢11 < 5, we have 
E 
sup l f (¢(u - ~-(u))) - f(~2(u - T(u)))I < )~Qq----f. 
ue[0,T-1] 
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If x, y E X with I]x - YI] < 5, then 
n+T-1 
I(Ax)(n) - (dy)(n)l  = A E G(n 'u )h(u) l f (x (u  - r(u))) - f (y (u  - r(u)))l 
~=r~ 
_< a@T sup  - 
u6 [0,T- 1] 
for all n E [0, T - 1], where q = maXuE[0,T_l] h(u). This yields [lAx - Ayl[ < e. Thus, A is 
continuous. 
Next, we show that A maps bounded sets into relatively compact sets. Indeed, let d be a 
constant and D = {x E X, tix[[ < d}. We shall show that AD is compact. To this end, we must 
show that any sequence in AD contains a convergent subsequence. Thus, let {x.~}m~N be a 
sequence in D. We shall show that {Ax.@~N has a convergent subsequence. 
Since f is continuous, the sequence { f (x .~(0 -  7(0)))}.~N is bounded, then the sequence 
{f(x.~(0 - ~-(0)))}meg contains a convergent subsequence. So let {Xm,o}.~eN be a subsequence 
of {Xm}mEN,  such that {f(x.~,o(0 - T(O)) )}meN iS convergent. 
Again, {f(x.~,O(1--T(1)))}m~y contains a convergent subsequence. So, let {Xm,1}m~N be a sub- 
sequence of {x.~,0}m~N such that {f(xm,l(1--~-(1)))}.~cN is convergent. Observe that {xm,1}meN 
is a subsequence of {Xm}meN and that {f(x.~,l(0 - ~-(0)))}.~eN, {f(x.~,l(1 -- ~'(1)))}.~N are 
convergent. 
Now, { f (x .ml ( -1  - T(--1)))} contains a convergent subsequence. Thus, let {X-<m,1}mEN 
be a subsequence of {Xm,1}m~y, such that { f (x_ l , .m( -1  - T(--1)))}.~eN is convergent. Also, 
{X_l,m,1}m6 N is a subsequence of {xm}~eN and { f (x - l , ,m l ( -1  -T(--1)))}mEN, {f (X - l ,m, l (O-  
T(O)))}mSN, {f(X-l,r~,l(1 -- T(1)))}m~N are convergent. 
Continuing in this fashion, we find that, for each l E Z, there is a subsequence 
{X--(l+l),rn(l+l)}rnEN 
of {X-Z,mj},.~eN, such that {f(x-(l+l),m,(t+l)(1 + 1 -'r(1 + 1)))}mEN and {f(x-( l+l) ,m,(t+l)(-( l  + 
1)  - T(--(l + 1))))}m~y are convergent. Observe that also the sequences {f(x-(l+l),m,z+l(--1 - 
T(--I) ) ) }mEN, . . . , { f(x--(l+l),m,l+l (O -- T(O) ) ) }mEN, . . . , { f  (x-(l+l),m,l+l (l -- T(l)))}meN are con- 
vergent. 
Consider now the sequence {X-s .... }~N.  Observe that it is a subsequence of {x,.~},~N, and 
also that {f (x  . . . . .  s ( l -  ~-(/)))}~eN is convergent for a l l /E  Z. Let us show that {Ax-~,~,s}s~N is 
a Cauchy sequence. 
Since {f(X-s,s,s(1 - "r(l)))}seN is convergent for all l E Z, let E > 0 be given, there exists 
So E N, such that e,g E N with e,g > so, 
E 
sup I f  (X--e .... (n -- T(rb))) -- f (X_g,g,g(TL -- T(TL)))I < tQq-------~. 
ne[0,T--1] 
Therefore, if e,g E N with e,g > so, for all n E Z, we have 
- (Ax_g ,g ,g)  (n)N 
n+T--i 
<_ A ~ a(n ,u )h(u) I f  (x_¢,e,~(u - ~-(u)) - f (x_g,g,g(u - ~(u))[ 
<_ tQqT sup I f (x -e  .... (n - r (n ) ) - . f ( z_g ,g ,g (n -~ ' (n ) ) l  
nE[0,T-1] 
< 6, 
which implies that {AX--s,s,s}sEN is a Cauchy sequence. The proof is complete. 
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LEMMA 2.3. 
PROOF, 
thus, 
A : K -~ L is well defined. 
For any x E K,  we have 
n+T-1  
U~n 
n+T- i  
U=7~ 
Therefore, 
G(O,T-  1)h(u)f(x(u-w(u))) ,  
T-1  
IIAx[I = max i(Ax)(n)l < A E G(O,T -  1)h(u) f (x(u-  ~'(u))). 
ne[0,T-1] u=0 
n+T- i  
(Ax)(n) = X E G(n,u)h(u) f (x(u-  ,(u))) 
u=n 
T - -1  
u=O 
T-1 G(0, T - 1) 
= )~P E Q h(u)f(x(u - T(u))) 
u~-0 
>_ lldxll. 
This completes the proof. 
3. MAIN  RESULTS 
LEMMA 3.1. Suppose that 
lira f(x) = +oc. (3.1) 
x---+c~ X 
Let I be a compact subset of (0, +oo). Then there exists a constant CI > O, such that !lx[[ < CI 
for all A E I and all possible T-periodic positive solutions x of (1.1) associated with A. 
PROOF. Suppose to the contrary that there is a sequence {xi} of T-periodic positive solutions of 
(1.1) associated with {)%}, such that ,ki E I for all i and ]lx~l] ~ +oo as i ~ +c~. Since x~ E L, 
min xi(n) > ~llxill. 
nE[0 ,T -1]  
By (3.1), there exists Hf > 0, such that f(x) > ~'x for all x _> H i ,  and there exists i0, such that 
al]X~o] I > H i ,  where 7 satisfies 
T-1  
u=0 
Thus, we have 
n+T- i  
T--1 
~=0 
This is a contradiction. The proof is complete. 
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LEMMA 3.2. Suppose  that  
f is nondecreasing on [0, +~)  and f(O) > O. (3.2) 
Let (1.1) have a positive T-periodic solution x(n) associated with A > O. Then (1.1) also has a 
positive T-periodic solution associated with A E (0, A ). 
PROOF. In view of (2.1) and (3.2), we have 
and 
Let 
and 
n+T-1 
u~n 
n+T-1 
c(~, ~)h(~) f (x (~ - ~(~))) 
o(~,  u )h(~) f (~(~ - ~(~))) 
n+T-1 
~ a(~,~)h(~)/(0) > 0. 
u~n 
~o(n) = x(~), 
n4-T-1 
Xk+l(n)---~ "~ Z 
~(~) = 0, 
C(n, u)h(u)f(~k(u - r(u))), k = 0 ,1 ,2 , . . . ,  
n+T-1 1 
fl(n) = ~ a(n,u)h(u), Ef  = max f ( f l (n - r (n) ) ) ,  A. = -~--, 
~¢E [O,T- 1] ~f  u_~-n  
then we have 
and 
PROOF.  Let 
n+T-1  n+T--1 
~ n  u~n 
C(n, u)h(u)f(~(u - r(u))) 
n+T-1  
A. E a(n,u)h(u)f(O) > O. 
7t..~-n 
positive T-periodic solution. 
n+T-1 
x--k+ l (n )=A E G(n'u)h(u)f(xk(u-r(u))) '  k=0,1 ,2 , . . . .  
Zt~ 
Clearly, we have 
No(n) _> gl(n) >_... _> Nk(n) ~ xk(n ) 2 . . .  > x l (n  ) > x0(n ). 
If we let x(n) = limk--.oo~k(n), then x(n) satisfies (2.1), and we have 
X(?Z) ~ Xl(~ ) > XO(?Z ) = O. 
This completes the proof. 
LEMMA 3.3. Stlppose that (3.1) and (3.2) hold. Then there exists A, > O, such that (1.1) has a 
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Let 
and 
mo(~) = ~(~), 
n+T-1  
• k+l(n) = A, E G(n,u)h(u) f (~(u-  ~-(u))), 
u~n 
X_o(n) = o, 
_=~+~(n) = ,X. 
Clearly, we have 
k = 0 ,1 ,2 , . . . ,  
n+T-1  
E G(n'u)h(u)f(xk(u- T(u))), 
U=7~ 
= 0 , ! ,2 , . . . .  
~0(n) _ ~1(~) _>"" _> ~k(n) _> ~_Kn) >_"'  _> _zt(n) > _~0(~). 
If we now let x(n) = l imk-~k(n) ,  then x(n) satisfies (2.1), and we have 
x(n) _> ~-l(n) > ~-0(~) = 0. 
This completes the proof. 
THEOREM 3.1. Suppose that (3.1) and (3.2) hold, then there exists A* > 0, such that (1.1) has 
at/east one positive T-periodic solution for X E (0, A*] and does not have any positive T-periodic 
solution for X > X*. 
PaOOF. Define A* by 
,k* = sup{A > 0 : equation (1.1) has at least a positive, periodic solution}. 
Then A* is well defined by Lemma 3.3 and we claim that A* > 0. We proceed by contradiction. 
Suppose to the contrary that there is a sequence {x~} of T-periodic positive solutions of (1.1) 
associated with {A~}, such that lim/__.~ A /= oo. Then either we have IIz~j II -~ ~ as J -~ c~ or 
there is/~ > 0, such that ilzdt _ ~e. Assume the former case holds. Note that x /c  L, and thus, 
min xi(n) >_ ~llxil). 
~,s [0,T- 1] 
By (3.1), we may choose Hf  > 0 and 7t > 0, such that f(x) > 71x when ~x >_ H I. On the other 
hand, there exists {n/j} C [0, T - 1], such that xij(n~j) = IIz/jll. By (1.1), we have 
=x~j (n/j + 1) - ai~h (n / j ) f  (zi~ (n,j - ~- (n/j))) 
-< It% II - %h (%)  ~,~ II 
= It~ II (1 - A/~h (%)  ~1) ,  
for all large j, we have >,ij <_ (1 - a(n~j))/(h(nij)~r71). Note that (1 - a(n))/(h(n)) is bounded. 
Thus, we obtain a contradiction. 
Next, suppose that the latter ease holds. In view of (3.2), there exists 72 > 0, such that 
f(0) >_ 72/~. Then, as above, we will obtain 
a(ni)llxil[ = a(ni)xi(n/) = xi(n/ + 1) - Aih(ni)f(xi(ni - r(ni))) 
< Ilxdl - A~h(n/)72/~ 
= [Ixil[(1 - A/h(n~)72), 
for all i. A contradiction will again be reached. 
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Thus, (1.1) has at least one positive T-periodic solution for A C (0, A*) and no positive 
T-periodic solutions for A > A*. 
Finally, we assert hat (1.1) has at least one positive T-periodic solution for A = A*. Indeed, 
let {Ai} satisfy 0 < A1 < A2 < ... < Ak < A* and limk--.oo Ak = A*. Since xi is a T-periodic 
positive solution of (1.1) associated with Ai and Lemma 3.1 implies that the set {x~} of solution 
is uniformly bounded in L, moreover, xi is the fixed point of the operator equation Ax = x and A 
is complete ly  cont inuous,  the  sequence {xi} has  a subsequence {x~j } converg ing to x E L. Then ,  
n+T-1 
x(n)---- Y-~lim xi, (n)-= j-.oolim A/, E G(n,u)h(u)f(x~,(u-7(u))) 
u~n 
n+T- -1  
= x*  v (n ,  !im f(x j - 
J--*OO 
n+T--1 
= A* ~ G(n,u)h(u)f(x(u-T(u))) ,  
so, x is a T-periodic positive solution of (1.1) associated with A = A*. The proof is complete. 
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